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Abstract—This paper is devoted to solving the transient electric
field and transient charge density on the dielectric interface
under the electroquasistatic (EQS) field conditions with high
accuracy. The proposed method is suitable for both 2-D and
3-D applications. Firstly, the governing equations represented
by scalar electric potential are discretized by the nodal finite
element method (FEM) in space and the finite difference method
in time. Secondly, the transient constrained electric field equa-
tion on the boundary (TCEFEB) is derived to calculate the
normal component of the transient electric field intensities on
the Dirichlet boundary and dielectric interface as well as the
transient charge density on the dielectric interface. Finally, a 2-
D numerical example is employed to demonstrate the validity
of the proposed method. Furthermore, the comparisons of the
numerical accuracy of the proposed method in this paper with
the existing FEMs for electric field intensity and charge density
on the dielectric interface are conducted. The results show that
the numerical accuracy of the proposed method for calculating
the normal component of transient electric field intensities on
the Dirichlet boundary and dielectric interface as well as the
transient charge density on the dielectric interface is close to that
of nodal electric potential and an order of magnitude higher than
those of existing FEMs.

Index Terms—Electroquasistatic field, composite insulation
structure, transient constrained electric field equation on the
boundary, finite element method, interface charge, time-domain.

I. INTRODUCTION

ITH the rapid development of renewable energy and

the application of DC transmission technology, various
types of power electronic apparatus with high voltage and large
capacity are being widely used in the transmission grid. The
working voltages applied to the components of these apparatus
are no longer just AC voltage or DC voltage, but more complex
voltage waveforms, such as composite voltages with AC and
DC [1], unipolar periodic pulse voltage [2], and so on. In
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order to improve the insulation strength of these apparatus,
composite insulation systems with multiple dielectric materials
are employed [3], [4]. In general, the maximum electric field
intensity in a composite insulation system often occurs on
the surface of the conductor or the dielectric interface [5].
Under the above complex waveforms of voltage, it is necessary
to consider both displacement current and conduction current
when analyzing the distribution of the transient electric field.
Charges will accumulate on the dielectric interface due to the
discontinuity of the permittivity. The time-varied accumulated
charges will influence the distribution of transient electric field
intensity in the combined insulation structures [6]. As a result,
it is of great academic value and application significance to
accurately calculate transient electric field intensity on the
conductor surface and on the dielectric interface as well as
the transient interface charge density for optimal design of
composite insulation structures.

In general, the calculation of the transient electric field un-
der the above circumstance should follow the electroquasistatic
(EQS) field equations in which the electric field induced by the
varied magnetic field is ignored [7]. The EQS approximation is
effective when the characteristic length of the electromagnetic
system is much smaller than the distance that the electro-
magnetic wave travels during the characteristic time of the
electromagnetic system [8]. Therefore, the EQS approximation
is widely used in the calculation of the transient electric field
of high-voltage equipment [9]-[11]. To numerically calculate
the electric field intensity based on the EQS equations, spatial
discretization and time derivative should be conducted. Gener-
ally, there are two spatial discretization methods for governing
equations of the EQS field, the finite integration technique
(FIT) [12], [13], and the finite element method (FEM) [5],
[9]. While for the time derivative, it can be solved by the
direct integration method [6], the modal method [14], and the
state-space method [15]. Moreover, some new unconventional
methods are also reported to solve the partial differential equa-
tions, such as isogeometric analysis [16], mesh-free methods
based on deep neural networks [17], and so on. At present, the
time-domain FEM is commonly employed, in which the spatial
discretization is realized by FEM, and the time discretization
is achieved by the direct integration method [18]-[20].

Due to the continuity of the electric potential on the
dielectric interface for the composite insulation structure, the
nodal FEM is suitable for solving potential functions with
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high numerical accuracy. The electric field intensities on the
conductor surface and the dielectric interface are commonly
obtained by calculating the gradient of the nodal potential
function. However, if the simplex element is used in nodal
FEM, the obtained electric field intensity is regarded as the
average electric field intensity at the element. Then, the nodal
electric field intensity can be calculated by taking a weighted
average of the obtained elemental electric field intensity [21].
The numerical accuracy in the calculation of the nodal electric
field intensity is much lower than that of the nodal potential
function because of the numerical differential. Due to the
discontinuity of the normal component of the electric field
intensity on the dielectric interface, it is difficult to accurately
calculate the normal component of the electric field intensity
on the interface, and the accuracy of the interface charge
density is even lower.

At present, there are three types of methods for improving
the accuracy of electric field intensity in the field domain.
The first one is to improve the accuracy of nodal potentials
by increasing the mesh density and using high-order interpo-
lation functions [22]. Due to the existence of a differential
error, the accuracy of the electric field intensity can only be
slightly improved. The second one is to solve the electric
field intensity in the local area around the node, including
potential theory [23] and super-convergence theory [24]-[27].
The method of potential theory also needs to consider the
divergent of the potential function, thus the accuracy of the
electric field intensity is not greatly improved. The super-
convergence theory employs the interpolation of the electric
field intensity of the Gauss point with the highest precision
within the element to obtain nodal electric field intensity,
which can effectively improve the accuracy. The third one
is to solve the nodal electric field intensity in the whole
field domain, including using of complementary variational
principles [28] and representing the electric field intensity
with 3-D facial vector basis functions [29]. This method
avoids calculating the gradient and can efficiently improve
the accuracy of electric field intensity. The above mentioned
three methods are all aimed at improving the accuracy of the
nodal electric field intensity within the field domain, but the
nodal electric field intensities on the boundary and dielectric
interface are still not being handled well.

For more accurately calculating the electric field intensities
on the boundary and dielectric interface, the edge FEM was
used [30]-[32]. The edge element selects the field vector as the
independent variable to ensure that the electric field intensity
is continuous in the tangential direction without forcing it
to be continuous in the normal direction. However, the high
calculation cost is unavoidable in edge FEM because the field
vector must be calculated. In addition, a hybrid method of
the FEM and boundary element method (BEM) with high
accuracy for electric field intensity was proposed [33], [34],
but one more step of calculating electric field intensity on the
boundary by BEM was essential compared with FEM. For
calculating the electric field intensity on the Dirichlet bound-
ary, the constrained electric field equation on the boundary
was proposed, which can directly and accurately calculate
the normal component of the electric field intensity on the

Dirichlet boundary [35]. The above methods are implemented
in the electrostatic field, and cannot be directly applied in the
EQS field condition.

In this paper, a time-domain FEM is proposed to calculate
the normal component of the transient electric field intensities
on the Dirichlet boundary and the dielectric interface as well
as the transient interface charge density under the EQS field.
This paper is organized as follows. In Section II, the initial
value and boundary value problem is introduced, and the time-
domain finite element equation is obtained after discretizing
in speciality and time. In Section III, the transient constrained
electric field equation on the boundary (TCEFEB) is derived,
and the calculation method for the transient charge density on
the interface is proposed. To testify the validity of the proposed
method, a 2-D numerical example is presented in Section IV.
Finally, conclusions are presented made in Section V.

II. GOVERNING EQUATION AND DISCRETIZATION IN THE
EQS FIELD

Under the condition of EQS approximation, the magnetic
induction of Maxwell’s equation can be neglected. As a
result, the electric field is approximately free of rotation, and
the scalar electric potential function ¢ can be introduced as
E = —V, where E is the electric field intensity. Then, the
governing equation of the scalar potential in the EQS field can
be obtained,

V- [VVQD—&-;(&V@)} =0 (1)
where ¢ and y are permittivity and conductivity of the medium,
respectively, and ¢ is time.

The governing equation of scalar potential in (1) can be
mathematically classified as a transient diffusion problem and
belongs to the parabolic partial differential equation [36].

A. Initial Value and Boundary Value Problem in the EQS Field

As depicted in Fig. 1, let field domain Q C R? be a convex
polygonal domain, the interface I'j5 separates ) into two
subdomains with different medium 2; and €25, thus Q = QU
Qo UT'y5. Let 02 be the boundary of domain €2, 'y is the
Dirichlet boundary where the electric potential is given, I's
is the Neumann boundary where the normal component of
electric potential is given, such that 02 =I'; U ;.

Q=0,UQ,UT,, \
1—‘I
ry, ~
QZ
\]"2
\ 00T, UT,

Fig. 1. A sketch of the domain and boundary for the initial value and
boundary value problem.

In the EQS field, the initial value and boundary value
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problem for scalar electric potential can be expressed as:

V- -WVe+ 2(eVe)] =0

ol = u(t)

2
221, = (1) @
@\t:O = 90(0)

where u(t) and (t) are given functions corresponding to the
Dirichlet and Newmann boundaries, respectively, and ¢(0) is
the initial distribution of the electric potential.

The corresponding EQS condition represented in the form
of the electric potential on the interface of the mediums are:

p2—¢@1 =0 3)
Op2 0o O Opr _Op1 @
2on T MWon T "ot \Zan ~ on

where the subscript of 1 and 2 represent the corresponding
variable and basic parameters in the different medium €2; and
Q)5 respectively, n is the unit normal vector on the dielectric
interface I';5, and the direction of n is from medium 1 to
medium 2.

Charges will accumulate on the interface of I'15 because of
the discontinuous of the permittivity and the conductivity in
different medium (2; and €2,. Interface charge density o can
be expressed as:

o =¢eEy, —1E1, o)

where Fy, and E5, represent the normal component of the
electric field intensity on the interface of the medium 1 side
and medium 2 side, respectively, and F1,, = —0¢1/0n, Ea,
= *8@2 / on.

The calculation of the transient electric field intensity and
the transient charge density on the interface with high accuracy
is the key point in this paper.

B. Discretization of Governing Equations under the EQS Field

In order to solve the initial value and boundary value
problem in (2) to (4), the time-domain FEM is employed.

The field domain €2 was discretized into m finite elements
with n nodes. Among m elements, m; elements are collinear
with the Dirichlet boundary I'y, and ms elements are collinear
with the Newmann boundary I's. In addition, there are ms
elements in 21 which are collinear with the dielectric interface
T'y5, similarly, there are mg elements in {25 which are collinear
with the dielectric interface I'y5. Assume there are (n-ni)
nodes on the Dirichlet boundary I';. When numbering the
nodes, the nodal potentials of the nodes that are in {2 but not on
the I'; are numbered first and expressed as 1, @2, , Pp1.
Then, the nodes on the I'; are numbered in sequence and
expressed as Pni41, Pni4+2," ", Pn-

For node ¢ of element ), with a boundary of element 0¢,
multiplying the governing equation of (2) with a nodal basis
function VY and integrates over {2, we can derive:

/ NPV - {7V<p + 88(5V<p)} d2=0 (6)
Q. t

where N7 is the nodal basis function at node 4.
Using the Green’s formula, the integral of (6) can be
decomposed into two parts, the integral for the field domain

and the boundary, respectively.

/ VY - {’chp + a(eVgo)} dQ
o ot

e | 00 O Op
o ¥ b m ()] o

where, 1, is the unit normal vector of the boundary 0f)., and
the direction of n, is the outer normal direction of 0€2,.
The basis function for linear interpolation is used to dis-
cretize the potential function in each element. Thus, the
approximate function for electric potential can be given as:

@ = Nj; )
j=1
where ¢; is nodal potential at node j, N7 is nodal basis
function at node j with N (v;) = O when i = j and 0
otherwise, and n. is the total number of nodes at ).
Inputting (8) into (7), the finite element equation at {2, can
be expressed as:

. e e 8 e
Z/Q VNS - [WNj<pj + a(gVNj @j)} dQ
j=173%k

e | 00 O [ Do
SRRt 1€ G

Adding (9) together with all the elements, we can form finite
element equations in the whole field of domain (2,

n m a
> {Z/ VNE - {WN;@]» + at(avzv;%)] dQ} =
Qe

j=1 Le=1
“ | Op 0 dp .
ezzlji N; {'yane + 5 <68ne>} dr’ (1 =1, 2,

Considering physical meaning, —9¢/0n stands for normal
component of the electric field intensity F,,. Thus, the closed
curve integral along the boundary in the right hand of (10)
can be divided into three parts. The first part is the curve
integral along with the Dirichlet boundary where dy/0n can
be represented as —F,,. The second part is the curve integral
along with the Newmann boundary where d¢/0n can be
represented as 1. And the third part is the curve integral along
with the dielectric interface on both sides. Thus, (10) can be
written as:

) 1)

(10)

n

> {Z/ VNE - [WN;% + a(gvzv%pj)] dQ} =
: Q ot J
Jj=1 e=1 e
mi a
~ Z]{ Ne {yEn + (aEn)] dr +
e=17T1 ot
mo . a
$ 4 0 o 2o ars
e=1 Iz ot
M e (’9@1 0 8901
>, b+ i () +

8”16
0 02
a <€ 3nge> :l dr’

2
8”26

+

(1)
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where 11, and ne, are the unit normal vector of the boundary
09, in the T'; side and T’y side, respectively. Thus, 1o, =
—MNie.

By using (4), the curve integral along the dielectric interface
in (11) is equal to 0. If the medium is isotropic, linear, and
homogeneous, the conductivity and permittivity of the medium
are constant. Thus, (11) can be written as:

n

> (Z /Q WNf.VN;dQ> 0+

j=1 Ye=1
fi[z <Z / 5VN§-VNfdQ>¢j] =
j=1 Ne=1"

mi 8 mi1
. ANEE,dl — ( / EN°E dF>+

- e a - e
> /F YNFYdl + = (Z /F eN; ¢dr> (12)
e=1 2e e=1 2e
Equation (12) can be written as the matrix form,
0 0
K’YtI)Jrﬁ(qu))*f’YJra(fs) (13)

where K, and K. are the stiff matrix of the conductivity
and the permittivity respectively, f, and f. are vectors of
the boundary integrals in the right hand of (12) related to
the conductivity and the permittivity, respectively, and ® is
the column vector of the nodal potential. Expressions for K,
K., f, and f. can be given as:

K, =) Y / YVN; - VN§dQ (14)
j=1e=1"7%%e
n m
K. = ZZ/ eVN{ - VNSAQ (15)
j=1e=1"k
m1 meo
==Y [ anemar+ Y [ ancear e
e=1"T1e e=1"T2
mi mo
== / eNSE I+ / eNSYdl  (17)
e=1"7"l1e e=17T2e

The time derivative of function W can be discretized as time
difference form [14]:

D) g™ = A 4 (1 — gYyI ™) (18)

where W stands for the time derivative of function ¥, super-
script (n) and (n+1) stand for time step n and (n+1), At is
the time step, 3 is a coefficient, S = 0, 0.5, 1 stand for the
forward Euler method, the backward Euler method, and the
Crank—Nicolson method, respectively. When 8 > 0.5, the
algorithm is unconditionally stable.

Thus, by using (18), matrix (13) can be expressed as:

(K. + AtBK.)®" ) = (K. — At(1 - B)K.) @™ +
AtBFIY + Ab(1 = B)FI 4 frtt) — pl) (19)

where the-vectors of right-hand items of (18) are expressed
as:

miy

Fr = Y /F Y NEECHD AT+
e=1 le

mo
> / YN Ar (20)
e=1"T2

mi ma2
fm==-3 / YNFEMAD + > / AN dr
e=1"7"l1e e=1 712
2D
F = =3 / eNCEMHD AT+
e=1"T1e
mo
> / eNgyp AT (22)
e=17T2e

my mo

s = =3 [ encpgar+ - [ enzytar
e=1"7T1e e=1"T2e

(23)
Equation (19) can be expressed as a matrix equation:
Se( ) — e L g(n) 4 pr+l) (24)
where matrix S and T can be expressed as:
S =K.+ AtBK, (25)
T =K. - At(l - p)K, (26)

In additon, the elements of vector G and F' can be given
as:

0 in Q
ma
o™ = = X Jp,, [e = A1 = BpyNpp™dT on T
? e=1 ’
i fn [e — At(1 - ﬁ)'y]NfE,(f)dF onI';
e=1 €
27
0 in
mo
fi(n+1) = ez::l fr% e+ AtﬁV]Nf¢(7l+l)dF on I'y
— 3 i e+ AtBYINEESHIAD on Ty
e=1 €
(28)

IIT. TRANSIENT CONSTRAINED ELECTRIC FIELD
EQUATION ON THE BOUNDARY UNDER THE EQS FIELD

A. Transient Constrained Electric Field Equation on the
Boundary

After discretization in space and time, the finite element
equation of the initial value and boundary value problem under
the EQS condition can be obtained, and the matrix form is
shown in (24). When numbering the nodes, the nodes that are
in  but not on the I'; are numbered first. Then, nodes on the
I"; with given nodal potentials are numbered in sequence. As
a result, (24) can be represented with a partitioned matrix, as
shown in (29),

Sy Sy [@V] [T, TRh] [@™) N
So1 Sao| (UMD | ™ Ty The| (U™
ng) F2(n+1)
+ 29
[ng) FO 29)
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where ® is a ny order column vector of the nodal potential
which needs to be solved, U is a (n — ny) order column
vector of the nodal potential with known potential values on
the Dirichlet boundary, S11, Se1, and Sso are n; x np order,
(n —ny) x ny order, (n — ny) X (n —ny) order partitioned
stiffness matrixes of S, respectively, T11, Ty, and T, are
ny X ny order, (n —ny) X ny order, (n —ny) X (n —ny) order
partitioned stiffness matrixes of T, respectively, G2 is a n;
order partitioned column vector of G whose element value
is known while G is a (n — ny) order partitioned column
vector of G related to the normal component of the electric
field intensity on the Dirichlet boundary, F» is a n; order
partitioned column vector of F' with a known element value,
and F is a (n — ny) order partitioned column vector of F'
related to the normal component of the electric field intensity
on the Dirichlet boundary, and needs to be solved.

Equation (29) can be decomposed into the following two
matrix equations,

) = §7 (T @™ + THU™ + G+

F"Y - s{ut) (30)
F{"Y = 55,804 4 8, D) — Ty @)

T, U™ — G 31D

Equation (30) is the time-domain finite element equation to
solve the transient nodal potential in the EQS field. Generally,
the Dirichlet boundary is related to the surface of the electrode,
whose transient electric field intensity only has the normal
component. Even if there are tangential components on the
Dirichlet boundary, (31) also can fully reflect the constraint
relationship between the normal component of the transient
electric field intensity and the transient potential. Assume that
the normal component of the transient electric field intensity
on the Newmann boundary is known, thus, (31) is named
as the transient constrained electric field equation on the
boundary (TCEFEB) for calculating the normal component of
the transient electric field intensity on the Dirichlet boundary
in the EQS field.

Element values of column vector F} can be obtained from
(28) and can be expressed as:

>/

Fie
(i=ni1+1,---,n)

n+1)d1—\ f1(71+1)

[e + AtBy]NFE

(32)

Based on the base function, the normal component of the
transient electric field intensity on the Dirichlet boundary can
be given as:

Z N;E

Jj=ni+1

(33)

where N;(j = nq + 1,---,n) is the nodal basis function
at node j on the Dirichlet boundary and Efg) is the normal
component of the nodal electric field intensity at node j on
the Dirichlet boundary at time step n.

Inputting (33) into (32), element values of column vector
F represented by the normal component of the nodal electric

field intensity on the Dirichlet boundary can be expressed as:

j= 77,1+1 e=1 8910

(34)
Equation (34) can be expressed in the form of a matrix
equation as:

KE() = D (35)

where K is a stiff matrix related to the electric field intensity
on the Dirichlet boundary, and FE,, is the column vector of
the normal component of the electric field intensity on the
Dirichlet boundary. Element values of stiff matrix K are
calculated by:

mi

ki j Z / (e + Atpy)NN§dD
aﬂle

(27]:n1+17"'7n> (36)

Similarly, the column vector Gg") is satisfied with the
following matrix equation:

G = HE(™ (37)

where elements value of stiff matrix H are calculated by:

hij = Z/ e — At(1 — B)y]NENSAD
0N1e

(G,j=n1+1--,n) (38)

Taking (35) and (37) into (31), the TCEFEB for calculating
the normal component of the electric field intensity on the
Dirichlet boundary under the EQS field can be expressed as.

K—1(521¢(7L+1) + 322U(n+1) _ T21(I)(n)
—TpU™ — HE™) (39)

E(n+1) — _

After calculating the nodal potential in each time step,
the normal component of the electric field intensity on the
Dirichlet boundary can be calculated step by step by (39).

B. Transient Charge Density on Dielectric Interface

For the composite insulation structure, the interface charge
density can be calculated by (5). Thus, the normal component
of the electric field intensity on the dielectric interface should
be further calculated.

In order to solve the normal component of the electric field
intensity on the dielectric interface by TCEFEB, the following
special treatment is arranged by decomposing filed domain
Q into several subdomains €2; according to the following
procedure.

(40)

0= DQ
=1

QN =TTy # @i, =1,2,---my) (41)

where mgq denotes the number of subdomains, €2; and (2,
denote subdomain ¢ and subdomain j with only one kind
of medium, I';; denotes interface between subdomain §2; and
subdomain €2;.
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In subdomain €);, the nodal potential at every time step is
obtained by (29), thus all dielectric interfaces between sub-
domain 2; and other subdomains and the Dirichlet boundary
of subdomain §2; can be regarded as the equivalent Dirichlet
boundary,

Iy =Tu+ Y Ty
=15

where I';; is the Dirichlet boundary of subdomain €2;, and
1,1 is the equivalent Dirichlet boundary of subdomain 2;.

Thus, the normal component of the transient electric field
intensity at each time step on the equivalent Dirichlet boundary
of subdomain 2; can be calculated by (28). Repeating the
above procedures for all subdomains, normal components of
the transient electric field intensities at each time step on the
Dirichlet boundary and the interface of different mediums of
domain 2 can be solved. As for choosing a reference direction
for the normal component of the electric field intensity, the
outer normal vector at the boundary of subdomain €2; is
selected.

We consider that the directions of the outer normal vectors
on each side of interface I';; are opposite. The transient electric
charge density on the interface of different mediums can then
be calculated by:

(42)

o5 =il +€jEj, 43)

where o, is the transient interface charge density, ¢; and ¢; are
permittivities in subdomain €2; and subdomain €2 respectively,
E;,, and E,, are the normal component of the transient electric
field on the interface I';; at different sides of subdomain (2,
and subdomain ; respectively.

In summary, the block diagram of the algorithm flow for
calculating the normal component of the transient electric field
on the Dirichlet boundary and dielectric interface, as well as
transient charge density on the interface is illustrated in Fig. 2.

Because of the unconditionally numerical stability and
second-order calculation accuracy of the Crank-Nicolson dif-
ference method, the Crank-Nicolson difference method is used
to discretize the equations by numerical code in this paper.
It should be pointed out that the Crank-Nicolson difference
scheme will originate numerical oscillation at the beginning of
the calculation or when the state variable is abruptly changed.
In order to eliminate the numerical oscillation caused by
the Crank-Nicolson difference method, the backward Euler
method is used in the calculation of nodal potential as the first
time step [37]. At this step, the time step is changed from At
to At/2, after using the backward Euler method twice in a row,
and the nodal potential ®(1) at step 1 will be obtained. Then,
nodal potentials at each subsequent time step are calculated
according to the Crank-Nicolson difference method.

IV. NUMERICAL EXAMPLE
A. Calculation Model and the Analytical Solution

A coaxial model with double medium layers is used to
verify the validity of the proposed method, as shown in Fig. 3.
The outer conductor (r = Ry) is grounded, and the step
voltage us(t) = Usu(t) kV is applied to the inner conductor

| Decompose domain into subdomains with single dielectric |

!

| Find the 1% boundary and dielectric interface of subdomains |

| Calculate ¢, by Back-Elur Method |

| Calculate electric field intensity in domain at r=t, |

| Calculate /| in each domain at =¢, |

| Form boundary electric field stiffness matrix K where f=1 |

| Solve electric field intensity on the boundary and interface at /=, |

!

| Calculate interface charge density at /=, |

| Form boundary electric field stiffness matrix K where =0.5 |

| Calculate ¢,,, by Crank-Nicolson Method |

| Calculate electric field intensity in domain |
T

y

| Calculate F; in each domain |

tn+l:tn+At

|Solve electric field intensity on the boundary and interface|

| Calculate interface charge density |

tn+l = tend

Fig. 2. Flow diagram of calculating interface charge density under the EQS
field by TCEFEB.

(r = Ry), where, u(t) is a unite step function and U is the
amplitude of the applied voltage. The outer radius of the inner
conductor (Ryp), medium layer 1 (R;), and medium layer 2
(R2) are 0.02 m, 0.03 m, and 0.05 m, respectively. The relative
permittivity and the conductivity of medium layer 1 are €, =
4.106 and y; = 2.55 x107'7 S/m, while for layer 2, e,9 =
3.177 and 72 = 6.0 x 1076 S/m.

The electric field intensity of the model has only the
axial component. The transient electric field intensity can be
obtained analytically and can be expressed as:

1 Us _t
| e e )
pPlynn g2 +y2ln gt
Us _t
=2 —e } (44)
€1lan?+EQIHRf;
1 ’leS _t
EQ:p[ i pma T T
Y1 g+ 2 in g
ElUs _t
e e 45
81111%4—62111% :| ( )

where F; and E5 are the module of electric field intensity
in dielectric land 2, respectively, p is the distance from field
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Fig. 3. A coaxial model with double medium layers.

point to inner conductor center, 7, stands for charge relaxation
time and can be given as:

Elln&—i—sgln—
Rz

(46)

Te =

v In + 72 ln—

The analytical solution of the transient charge density on
the dielectric interface is:
€271 — €172

Ul —e 7) (47
Wlln%—i—’mln% ( ) @D

g = EQEQ — ElEl =

B. Accuracy Comparison of Electric Field Intensity

To represent changes of axial electric field intensity with
time, a line segment along the axial direction is selected,
whose coordinates at start point A and stop point B are (0 m,
0.02 m) and (0 m, 0.05 m) respectively, and point C (0 m,
0.03 m) is the intersection of the line segment and dielectric
interface, as shown in Fig. 3. The field domain is meshed by
using 2-D linear triangular elements with 837 nodes and 1550
elements. In the calculation, the amplitude of the voltage Uy
is set as 10 kV.

The analytical and numerical results of the transient electric
field intensity on the Dirichlet boundary and dielectric inter-
face are shown in Fig. 4. The solid lines of different colors
represent the analytical results of the electric field intensity
along the line segment at different time steps. The points
with different colors are the numerical results of the electric
field intensities on the Dirichlet boundary and the dielectric
interface at different time steps calculated by the proposed
method. In this example, the charge relaxation time is about
60 s calculated by (45), thus 60 s is selected as the time
interval. As shown in Fig. 4, the numerical results of the
electric field strength on the Dirichlet boundary and dielectric
interface calculated by the proposed method in this paper are
in good agreement with the analytical results.

Generally, there are three traditional methods to calculate
electric field intensity on the boundary. In order to explain
these methods, the relationships of nodes and elements on the
Dirichlet boundary are shown in Fig. 5.

Method 1 is taking the element electric field intensity at the
center of the element, which is collinear with the boundary to
approximate the electric field intensity on the boundary, and

%103

15 T T T T
—— =0s  Analytical solution
=60s Analytical solution
—— =120s Analytical solution
— =240s Analytical solution
10F t=480s Analytical solution 4
® =0s Proposed Method
t=60s Proposed Method
® /=120s Proposed Method
®  =240s Proposed Method
®  =480s Proposed Method

0.02

0.04
p (m)

Fig. 4. Comparison of analytical and numerical results of the electric field
intensity on the Dirichlet boundary and the interface at different time.

Fig. 5. Schematic of nodes and elements on the Dirichlet boundary.

taking the arithmetic mean value of the element electric field
intensity on the two sides of the node, which is calculated
as the nodal electric field intensity on the boundary. For
instance, the element electric field of element A, is taken
as the electric field intensity of curve segment ngn, on the
boundary, and the arithmetic mean value of element electric
field intensity of element A, and Az is regarded as the
nodal electric field intensity of node n, [35]. Method 2 is
taking the element electric field intensity at the center of
the element, which has only one vertex on the boundary to
approximate the nodal electric field intensity on the boundary.
For example, the element electric field intensity of element
B, is considered as the nodal electric field intensity of node
np [35]. Method 3 is taking the element area-weighted average
value of element electric field intensities associated with the
node to approximate the nodal electric field intensity on the
boundary. For instance, for node n, on the boundary, the
nodal electric field intensity is regarded as the elemental area-
weighted average value of elemental electric field intensities
of AQ, BQ, and A3 [38]

The formula of the element area-weighted average value of
the element electric field intensity associated with the node
7 1is:

Z E k lj
Ey ;= 72-"6 e

Jj=1"1j3
where Ej, ; denotes the component of the nodal field intensity
at the direction k of node i, N,. denotes the number of
elements associated with node ¢, Ej ;; denotes the element
electric field intensity component in the direction £ of element
J associated with node ¢, and S7; denotes the element area of

element j associated with node z

Numerical results of the transient electric field intensity of

(48)



150 CSEE JOURNAL OF POWER AND ENERGY SYSTEMS, VOL. 8, NO. 1, JANUARY 2022

start point A on the line segment by the above three methods,
the proposed method in this paper, and its analytical results
are shown in Fig. 6.

1 S
1420
12
10
B
E 8 Analytical solution -
y || g  comses Method ]
6 e Method 2
- - - Method 3
4 - - = Proposed Method 1
2 1 L 1 I
0 100 200 300 400 500

1(s)

Fig. 6. Comparison of numerical results of the transient electric field intensity
calculated by four different methods and the analytical result at start point A
on the Dirichlet boundary.

As depicted in Fig. 6, numerical results of the transient
electric field intensity at point A on the Dirichlet boundary
calculated by the proposed method in this paper are very well
in agreement with the analytical result, while the numerical
results obtained by the other three methods have some certain
errors compared with the analytical results. The accuracy of
the proposed method is higher than the other three methods in
the calculation of the electric field intensity on the Dirichlet
boundary.

In order to compare the accuracy of the transient electric
field intensities on the Dirichlet boundary and the dielectric
interface calculated by the three traditional methods and the
proposed method, the field domain of the coaxial model is
meshed by 2-D linear triangular elements with three different
mesh densities. The numbers of nodes and elements of three
mesh discretization densities are shown in Table 1.

TABLE I
THREE DIFFERENT MESH DISCRETIZATION
Mesh kinds Mesh 1 Mesh 2 Mesh 3
Num. of element 1550 5140 19474
Num. of node 837 2682 9959

The transient electric field intensities on the Dirichlet
boundary and the dielectric interface by the four methods

under three mesh discretization densities are calculated. Their
average relative errors are also calculated and illustrated in
Table II. In the calculation, the amplitude of the voltage Ug
is also set as 10 kV. To show discontinuity of the electric
field intensity on the dielectric interface, let p = 0.03_ which
stands for the inner side of the dielectric interface of dielectric
layer 1, and p = 0.03; which stands for the outer side of the
dielectric interface of dielectric layer 2.

The average relative error of the proposed method and other
three traditional methods for the electric field intensity is
calculated by:

N, M (| n(n) ()
_ 1 3 1 1| — 1B ||
n=1 i=1 |Ez |

where Jg is the average relative error of the electric field
intensity of all nodes on the boundary at all time steps, EZ(C”)
is the numerical results of the electric field intensity of node
i at time step n, Ef") is the analytical result of the electric
field intensity of node ¢ at time step n, M is the total number
of nodes on the boundary, and [V, is the total number of time
steps.

As depicted in Table II, the accuracy of the transient elec-
tric field intensities on the Dirichlet boundary and dielectric
interface calculated by the proposed method in this paper
is much higher than the other three traditional methods in
the same mesh discretization. Under any of the same mesh
discretizations, the accuracy of the proposed method is above
an order of magnitude higher than the other three traditional
methods. With the increase of mesh density, although the
accuracy of the other three methods will improve, the accuracy
of the proposed method in this paper will improve even more.
Even if the mesh density increases by 10 times (compared to
Mesh 3 and Mesh 1), the accuracy of the three traditional
methods under mesh 3 is also lower than the accuracy of
the proposed method under mesh 1. Therefore, more accurate
numerical results will be obtained even if mesh density is
lower for the proposed method compared with other three
traditional methods.

C. Accuracy Comparison of the Interface Charge Density

The numerical results of the transient charge density of point
C by the above three types of different methods, the proposed
method, and its analytical results are all shown in Fig. 7. The

TABLE II
AVERAGE RELATIVE ERROR OF DIFFERENT METHODS FOR ELECTRIC FIELD INTENSITY

Average relative error of

Average relative error of nodal electric field intensity (%)

Mesh nodal electric potential (%) Location (m) Method 1 (%) Method 2 (%) Method 3 (%) Proposed method (%)
Mesh 1 0.0509 p=0.02 9.2165 2.9844 7.0838 0.2743
p=0.03_ 6.3667 2.5223 5.1328 0.3876
p=0.034 7.0923 4.2196 6.0931 0.8939
p = 0.05 4.2065 2.2598 3.5785 0.0927
Mesh 2 0.0532 p=0.02 6.0347 3.6319 5.1998 0.2893
p=0.03_ 3.6865 1.8076 3.0774 0.0747
p=0.034 3.7596 1.8465 3.1096 0.2085
p = 0.05 2.2180 1.0919 1.8489 0.0259
Mesh 3 0.0040 p=0.02 2.7385 1.2162 2.2239 0.0237
p=0.03_ 1.8902 0.9057 1.5665 0.0081
p=0.034 1.8577 0.8157 1.5073 0.0275
p = 0.05 1.1282 0.5383 0.9332 0.0056
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red solid line denotes the analytical result of the transient
charge density, while the dot lines with other colors denote
numerical results calculated by the four methods.
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Fig. 7. Comparison of numerical results of the transient charge density
calculated by the four methods and the analytical result at point C on the
dielectric interface under Mesh 1.

As shown in Fig. 7, the numerical result of the transient
charge density at point C on the dielectric interface calculated
by the proposed method agrees very well with the analytical
results, while the numerical results obtained by the other three
methods have some certain errors compared with the analytical
result. Numerical results calculated by the other three methods
are all greater than the analytical results. It is obvious that
the accuracy of the proposed method is higher than the other
three methods in calculation charge density on the dielectric
interface.

When ¢t = 0, the electric field distributes according to
the electrostatic field, and the charge density is 0 on the
analytical dielectric interface. However, the numerical result of
the charge density on the dielectric interface is not equal to 0
because of the numerical error. When ¢ = 0, numerical results
of the charge density at point C on the dielectric interface
by the three traditional methods are 9.9749 x10~7 C/m?2,
9.4054 x10~7 C/m?, and 9.6985 x10~7 C/m? respectively.
While the numerical results calculated by the proposed method
in this paper under the same condition is 1.0625 x107!3
C/m?. When t > 0, the values of the transient charge density
ranges from 10~7 C/m? to 107° C/m? for the analytical
results. As a consequence, the three traditional methods cannot
distinguish situations without interface charge density in the
electrostatic field and situations with accumulated interface
charge density. But, the numerical results of the charge density
on the dielectric interface calculated by the proposed method
in this paper is about 1073 C/m? when ¢ = 0, which is five
orders of magnitude smaller than the transient interface charge
density when ¢ > 0. Thus, the proposed method in this paper
can distinguish situations free of the interface charge in the

electrostatic field condition.

Similar to the analysis in section IV-B, average relative
errors of the charge density on the dielectric interface cal-
culated by the three methods and the proposed method under
three mesh discretization densities are shown in Table III. In
the calculation of average relative error, results at £ = 0 are
ignored, because the analytical result of the charge density is
0 when ¢t = 0. The average relative error of the nodal charge
density is:

5= LS (Ll =00 50y
o= 7 v e— 0
Ne =12 \M |U§n)‘

where §,, is the average relative error of the charge density of
all nodes on the dielectric interface at all time steps, 05?) is
the numerical results of the charge density of node ¢ at time
step n, afn) is the analytical result of the charge density of
node ¢ at time step n, M is the total number of nodes on the
dielectric interface, and IV, is the total number of time steps.

Compared with the other three traditional methods, the
average relative errors of the proposed method are more
than an order of magnitude lower in the same mesh density,
and close to the average relative error of nodal potential, as
shown in Table III. With the increase of mesh density, average
relative errors of the three traditional methods will decrease,
but remain on the same order of magnitude. When mesh
density increases from Mesh 1 to Mesh 3, the average relative
errors of the three traditional methods decrease by 3.44 times,
3.12 times, and 3, 39 times, respectively, however, the average
relative error of the proposed method decreases by 46.38 times.
Even if the mesh density increases by 10 times (compared to
Mesh 3 and Mesh 1), the average relative errors of the three
traditional methods under Mesh 3 are also higher than the
accuracy of the proposed method in this paper under Mesh 1.
Therefore, compared to the traditional methods, more accurate
numerical results will be obtained even if mesh density is
lower. It can be concluded that the accuracy of the transient
charge density on the dielectric interface calculated by the
proposed method in this paper is much higher than the other
three traditional methods in the same mesh density.

D. Discussions

In traditional FEM, the penalty function method or imposed
boundary condition is used to deal with the Dirichlet boundary
condition. However, important information about electric field
intensity on the boundary is not considered. The TCEFEB is
derived from Galerkin’s finite element formulation with some
modifications under the EQS field, as illustrated in sections
2.2 and 2.3. First, the normal component of the electric field
intensity on the boundary is introduced when considering
physical meaning. —9¢/0On stands for the normal component

TABLE III
AVERAGE RELATIVE ERROR OF DIFFERENT METHODS FOR INTERFACE CHARGE DENSITY

Average relative error of nodal

Average relative error of nodal interface charge density (%)

Mesh electric potential (%) Method 1 (%) Method 2 (%) Method 3 (%) Proposed method (%)
Mesh 1 0.0509 9.2945 3.9942 7.5762 0.3803
Mesh 2 0.0532 5.2962 2.5953 44141 0.0731
Mesh 3 0.0040 2.7021 1.2783 2.2323 0.0082
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of the electric field intensity E,,, thus, dp/0n is represented
by —FE, in the curve integral along the Dirichlet boundary in
the right hand of (10). Secondly, with the proper numbering of
nodes, matrix decomposition can be performed on (24), and
partitioned matrix (24) can be derived. As a result, the electric
potentials in the domain and on the Newmann boundary and
the normal component of the electric field intensity on the
Dirichlet boundary can be calculated by (30) and (31) step
by step, respectively. Thirdly, the penalty function method or
method of imposed boundary condition used for dealing with
the Dirichlet boundary condition is not required. In summary,
with some proper modifications to the existing FEMs’ code,
the normal component of the electric field intensity on the
boundary can be calculated.

In terms of an algorithm, the other three traditional methods
are approximated in the node electric field intensity on the
boundary by the average value of element electric field inten-
sity associated with the node on the boundary. The differential
error is unavoidable when the elemental electric field intensity
is calculated by taking the gradient of the nodal potential. As
a result, the calculation accuracy of the elemental electric field
intensity will be much lower than that of the nodal potential. In
addition, errors will accumulate and increase when calculating
the nodal electric field intensity by using the average value of
the element electric field intensity associated with the node.

However, in the proposed method of this paper, the normal
component of the transient electric field intensities on the
Dirichlet boundary and the interface is directly solved by (31).
Thus, taking the gradient of electric potential is not required,
which can eliminate calculation error due to the numerical
differentiation. At the same time, errors caused by average
approximation can also be eliminated. As a result, the accuracy
of the electric field intensity is much higher than the existing
three traditional methods.

The transient nodal potential is solved by (30), and the
solution is definitely determined by the potential on the
Dirichlet boundary and the normal derivative of the potential
on the Newmann boundary. These boundary conditions and
initial values are precisely given. The calculation accuracy of
nodal potential is very high, because the error is originated
from FEM whose error is very small. The transient electric
field intensity on the Dirichlet boundary is calculated by (31),
and the solution is determined by the given potential on the
Dirichlet boundary and the obtained transient nodal potential.
As a consequence, the numerical error of the nodal potential
will influence the calculation of the electric field intensity on
the boundary. Thus, the numerical error of the transient electric
field intensity on the Dirichlet boundary is a little higher than
that of the nodal potential. Similarly, numerical errors of the
transient electric field intensity and the transient charge density
on the interface are also a little higher than that of the nodal
potential. Even so, the calculation accuracy of this method
is still much higher than other traditional methods for the
transient electric field intensities on the Dirichlet boundary and
the interface as well as the transient interface charge density.

As for advantages in the engineering application of the
TCEFEB, first, it is useful to optimize the design of the
electrode shape of high voltage equipment. The electrode

is corresponding to the Dirichlet boundary in the electric
filed analysis, and there is only the normal component in
the electric field intensity on the electrode, which can be
directly and accurately calculated by the proposed TCEFEB.
Secondly, it is useful to optimize the insulation design of
high voltage equipment with combined insulation structures.
Calculation of interface charge density is essential for the
design of combined insulation structures, because the interface
charge will modulate the distribution of the electric field. By
decomposing the filed domain into several subdomains with a
single medium, the normal component of the transient electric
field intensity on the dielectric interface can be calculated
by the TCEFEB. Then, the interface charge density can be
calculated with high accuracy by (5).

V. CONCLUSION

A time-domain finite element method for calculation of
the transient electric field intensity on the dielectric interface
under the EQS field is proposed in this paper. The governing
equation represented by the nodal potential is discretized by
nodal FEM in the space and finite difference method in time.
The following conclusions can be made:

The transient constrained electric field equation on the
boundary (TCEFEB) with different difference formats is de-
rived, which can be used for directly calculating the normal
component of the transient electric field intensity on the
Dirichlet boundary. By decomposing the filed domain into sev-
eral subdomains with a single medium, the normal component
of the transient electric field intensity on the dielectric interface
can be calculated by the TCEFEB. Then the transient charge
density on the dielectric interface can also be calculated.

For calculating the normal component of the transient elec-
tric field intensity on the Dirichlet boundary and the dielectric
interface, the accuracy of the proposed method in this paper is
close to the accuracy of the nodal potential and much higher
than the existing traditional FEMs. For calculating the transient
charge density on the dielectric interface, the average relative
error of the three traditional methods are 9.2945%, 3.9942%,
and 7.5762%, respectively, under proper mesh density with
837 nodes and 1550 elements, and that of the proposed method
is 0.3803%. When increasing mesh density with 9959 nodes
and 19474 elements, the average relative error of the three
traditional methods are 2.7021%, 1.2783%, and 2.2323%,
respectively, and that of the proposed method is 0.0082%.
Even if the mesh density is increased by about 10 times, the
calculation accuracy of the traditional FEMs cannot reach the
proposed method in this paper. Compared with the traditional
methods, the calculation accuracy of the proposed method in
this paper is far more significantly improved by increasing the
mesh density.

The TCEFEB is derived from the Galerkin’s finite element
formulation under the EQS field. With some proper modifica-
tions to the existing FEMs’ code, the transient electric field
intensities on the Dirichlet boundary and interface as well
as the transient charge density with high accuracy will be
calculated. It’s convenient to apply to the optimized design
of electrode shape and insulation structure of the electric
equipment with combined insulation structures.
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